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Abstract
The relation between a N = 2 nonlinear supersymmetric (SUSY) model
and a linear SUSY (free) theory for N = 2 vector supermultiplet accompa-
nying the spontaneous SUSY breaking is systematically worked out in two-
dimensional superfield formulation.
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Nonlinear (NL) realization of supersymmetry (SUSY) [1], which induces the sponta-
neous SUSY breaking, gives the way to construct NLSUSY general relativity (GR)
[2, 3] as the fundamental theory of everything in the SGM scenario from a com-
positeness viewpoint [4, 5]. The low energy physics and cosmology in NLSUSY GR
are discussed [5, 6, 7] based on the linearization of NLSUSY (NL-linear(L) SUSY
relation) in (Riemann-)flat spacetime. The linearization problem in flat spacetime
was addressed mainly so far for N = 1 and N = 2 SUSY by studying the relation
between the NLSUSY model and various LSUSY free field theories (with the Fayet-
Iliopoulos (FI) term), for N = 1 scalar supermultiplet [8]-[10], for N = 1 (U(1))
(axial) vector one [11] and for N = 2 (SU(2) × U(1)) vector one [12]. Linearizing
N = 3 NLSUSY was also discussed in two dimensional spacetime (d = 2) [13].
Recently, according to heuristic arguments, we have shown the explicit relation
between the N = 2 NLSUSY model and N = 2 LSUSY interacting theories in
d = 2, i.e. one with Yukawa interaction terms for the vector supermultiplet [14],
and the other with U(1) gauge interaction terms between the vector and the scalar
supermultiplets (N = 2 SUSY QED) [15]. In order to further investigate the NL-L
SUSY relation forN ≥ 2 SUSY which is realistic in the SGM scenario, it is important
to develop the systematic method of the linearization in superfield formulation [8, 10]
into higher N SUSY theories. In this letter, as a preliminary to do this we discuss
on the linearization of N = 2 NLSUSY (N = 2 NL-L SUSY relation) for the N = 2
vector supermultiplet in the d = 2 superfield formulation at the free-theory level.
In the linearization process, SUSY invariant relations connecting the NLSUSY
model with a LSUSY theory are essential, where component fields in the LSUSY
theory are expressed as composites in terms of Nambu-Goldstone (NG) fermion
(superon in the SGM scenario). These relations are systematically obtained by
defining a superfield on the following specific supertranslations [8, 10] of superspace
coordinates (xa, θi) depending on the (Majorana) NG fermions ψi, ‡
x′a = xa + iκθ¯iγaψi,
θ′i = θi − κψi, (1)
where κ is a constant whose dimension is (mass)−1 in d = 2. Indeed, a superfield on
(x′a, θ′i),
Φ˜(x, θi;ψi(x)) = Φ(x′, θ′i), (2)
‡Minkowski spacetime indices are denoted by a, b, · · · = 0, 1 in d = 2 and SO(N) internal
indices are i, j, · · · = 1, 2 for N = 2. The Minkowski spacetime metric in d = 2 is 1
2
{γa, γb} =
ηab = diag(+,−) and σab = i
2
[γa, γb] = iǫabγ5 (ǫ
01 = 1 = −ǫ01), where we use the γ matrices
defined as γ0 = σ2, γ1 = iσ1, γ5 = γ
0γ1 = σ3 with σI(I = 1, 2, 3) being Pauli matrices.
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transforms homogeneously as
δζΦ˜(x, θ
i) = ξa∂aΦ˜(x, θ
i) (3)
with ξa = iκψ¯iγaζ i, under superspace translations of (xa, θi) accompanying NLSUSY
transformations [1] of ψi,
δζψ
i =
1
κ
ζ i − iκζ¯jγaψj∂aψ
i, (4)
parametrized by constant (Majorana) spinor parameters ζ i. The supertransforma-
tion property (3) means that component fields ϕ˜I(x) in Φ˜(x, θi) do not transform
each other, and SUSY invariant constraints, ϕ˜I(x) = constant, can be imposed,
which leads to the SUSY invariant relations.
Let us introduce a d = 2, N = 2 (general) superfield [16, 17] for the N = 2
vector supermultiplet,
V(x, θi) = C(x) + θ¯iΛi(x) +
1
2
θ¯iθjM ij(x)−
1
2
θ¯iθiM jj(x) +
1
4
ǫij θ¯iγ5θ
jφ(x)
−
i
4
ǫij θ¯iγaθ
jva(x)−
1
2
θ¯iθiθ¯jλj(x)−
1
8
θ¯iθiθ¯jθjD(x), (5)
where the component fields are denoted by (C,D) for two scalar fields, (Λi, λi) for
four spinor fields, φ for a pseudo scalar field, va for a vector field, and M ij = M (ij)(
= 1
2
(M ij +M ji)
)
for three scalar fields (M ii = δijM ij), respectively. The superfield
(5) transforms under the superspace translations of (xa, θi) as
δζV(x, θ
i) = ζ¯ iQiV(x, θi) (6)
with supercharges
Qiα =
∂
∂θ¯αi
+ i6∂θiα, (7)
satisfying {Qiα, Q
j
β} = −2δ
ij(γaC)αβPa.
The N = 2 superfield (5) on the specific coordinates (1),
V˜(x, θi) = V(x′, θ′i), (8)
3
may be expanded in component fields as
V˜(x, θi) = C˜(x) + θ¯iΛ˜i(x) +
1
2
θ¯iθjM˜ ij(x)−
1
2
θ¯iθiM˜ jj(x) +
1
4
ǫij θ¯iγ5θ
jφ˜(x)
−
i
4
ǫij θ¯iγaθ
j v˜a(x)−
1
2
θ¯iθiθ¯jλ˜j(x)−
1
8
θ¯iθiθ¯jθjD˜(x), (9)
where the component fields ϕ˜I(x) = (C˜(x), Λ˜i(x), M˜ ij(x), · · ·) transform according
to Eq.(3). The ϕ˜I(x) are evaluated in terms of ϕI(x) = (C(x),Λi(x),M ij(x) · · ·) in
Eq.(5) as follows:
C˜ = C ′ − κψ¯iΛ′i +
1
2
κ2(ψ¯iψjM ′ij − ψ¯iψiM ′jj)
+
1
4
κ2ǫijψ¯iγ5ψ
jφ′ −
i
4
κ2ǫijψ¯iγaψ
jv′a +
1
2
κ3ψ¯iψiψ¯jλ′j −
1
8
κ4ψ¯iψiψ¯jψjD′,
Λ˜i = Λ′i − κ(ψjM ′ij − ψiM ′jj)−
1
2
κǫijγ5ψ
jφ′ +
i
2
κǫijγaψ
jv′a
−κ2
(
ψiψ¯jλ′j +
1
2
ψ¯jψjλ′i
)
+
1
2
κ3ψiψ¯jψjD′,
M˜ ij = M ′ij − κψ¯(iλ′j) +
1
2
κ2ψ¯iψjD′,
φ˜ = φ′ + κǫijψ¯iγ5λ
′j −
1
2
κ2ǫijψ¯iγ5ψ
jD′,
v˜a = v′a + iκǫijψ¯iγaλ′j −
i
2
κ2ǫijψ¯iγaψjD′,
λ˜i = λ′i − κψiD′,
D˜ = D′, (10)
where ϕ′I(x) = (C ′(x),Λ′i(x),M ′ij(x) · · ·) are the component fields in
V(x′, θ′i) = C ′(x) + θ¯′iΛ′i(x) +
1
2
θ¯′iθ′jM ′ij(x)−
1
2
θ¯′iθ′iM ′jj(x) +
1
4
ǫij θ¯′iγ5θ
′jφ′(x)
−
i
4
ǫij θ¯′iγaθ
′jva(x)−
1
2
θ¯′iθ′iθ¯′jλ′j(x)−
1
8
θ¯′iθ′iθ¯′jθ′jD(x), (11)
and are expanded as
C ′ = C,
Λ′i = Λi + iκ6∂Cψi,
M ′ij = M ij − iκǫ(i|k|ǫj)lψ¯k 6∂Λl +
1
2
κ2ǫikǫjlψ¯kψl✷C,
φ′ = φ+ iκǫijψ¯iγ56∂Λ
j −
1
2
κ2ǫijψ¯iγ5ψ
j
✷C,
4
v′a = va + κǫijψ¯i6∂γaΛj −
i
2
κ2ǫijψ¯iγaψj✷C + iκ2ǫijψ¯iγbψj∂a∂bC,
λ′i = λi + iκ6∂M ijψj −
i
2
κǫabǫijγaψ
j∂bφ+
1
2
κǫij
(
ψj∂av
a −
1
2
ǫabγ5ψ
jFab
)
+
1
2
κ2(✷Λiψ¯jψj −✷Λjψ¯iψj − γ5✷Λ
jψ¯iγ5ψ
j − γa✷Λ
jψ¯iγaψj + 26∂∂aΛ
jψ¯iγaψj)
+
i
2
κ36∂✷Cψiψ¯jψj,
D′ = D + iκψ¯i6∂λi
−
1
2
κ2
(
ψ¯iψj✷M ij −
1
2
ǫijψ¯iγ5ψ
j
✷φ+
i
2
ǫijψ¯iγaψ
j
✷va − iǫijψ¯iγaψ
j∂a∂bv
b
)
+
i
2
κ3ψ¯iψiψ¯j 6∂✷Λj −
1
8
κ4ψ¯iψiψ¯jψj✷2C. (12)
Solving Eq.(10) with respect to ϕI in terms of (ϕ˜I , ψi) and imposing SUSY (and
gauge) invariant constraint on λ˜i can be considered as in refs.[8, 10], which leads to
an action in terms of ψi interacting with other fields in ϕ˜I , e.g. v˜a.
However, focusing here on the sector which depends only on the NG fermions,
we impose SUSY invariant constraints which eliminate the other degrees of freedom
than ψi as, for example, the simplest ones,
C˜ = Λ˜i = M˜ ij = φ˜ = v˜a = λ˜i = 0, D˜ =
ξ
κ
(13)
with an arbitrary dimensionless parameter ξ. Then, from Eqs.(10) and (12) the
relations between ϕI and ψi become
C = −
1
8
ξκ3ψ¯iψiψ¯jψj ,
Λi = −
1
2
ξκ2ψiψ¯jψj − iκ6∂Cψi,
M ij =
1
2
ξκψ¯iψj + iκǫ(i|k|ǫj)lψ¯k 6∂Λl −
1
2
κ2ǫikǫjlψ¯kψl✷C,
φ = −
1
2
ξκǫijψ¯iγ5ψ
j − iκǫijψ¯iγ56∂Λ
j +
1
2
κ2ǫijψ¯iγ5ψ
j
✷C,
va = −
i
2
ξκǫijψ¯iγaψj − κǫijψ¯i6∂γaΛj +
i
2
κ2ǫijψ¯iγaψj✷C − iκ2ǫijψ¯iγbψj∂a∂bC,
λi = ξψi − iκ6∂M ijψj +
i
2
κǫabǫijγaψ
j∂bφ−
1
2
κǫij
(
ψj∂av
a −
1
2
ǫabγ5ψ
jFab
)
−
1
2
κ2(✷Λiψ¯jψj − ✷Λjψ¯iψj − γ5✷Λ
jψ¯iγ5ψ
j − γa✷Λ
jψ¯iγaψj + 26∂∂aΛ
jψ¯iγaψj)
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−
i
2
κ36∂✷Cψiψ¯jψj ,
D =
ξ
κ
− iκψ¯i6∂λi
+
1
2
κ2
(
ψ¯iψj✷M ij −
1
2
ǫijψ¯iγ5ψ
j
✷φ +
i
2
ǫijψ¯iγaψ
j
✷va − iǫijψ¯iγaψ
j∂a∂bv
b
)
−
i
2
κ3ψ¯iψiψ¯j 6∂✷Λj +
1
8
κ4ψ¯iψiψ¯jψj✷2C. (14)
We solve Eq.(14) entirely with respect to the component fields ϕI as composites of
the NG fermions ψi and we obtain SUSY invariant relations for the d = 2, N = 2
vector supermultiplet in all orders of ψi as follows:
C = −
1
8
ξκ3ψ¯iψiψ¯jψj,
Λi = −
1
2
ξκ2ψiψ¯jψj(1− iκ2ψ¯k 6∂ψk),
M ij =
1
2
ξκψ¯iψj
(
1− iκ2ψ¯k 6∂ψk −
1
2
κ4ǫabψ¯kψl∂aψ¯
kγ5∂bψ
l
)
,
φ = −
1
2
ξκǫijψ¯iγ5ψ
j
(
1− iκ2ψ¯k 6∂ψk −
1
2
κ4ǫabψ¯kγ5ψ
l∂aψ¯
k∂bψ
l
)
,
va = −
i
2
ξκǫijψ¯iγaψj(1− iκ2ψ¯k 6∂ψk),
λi = ξψi|w|,
D =
ξ
κ
|w|, (15)
where |w| is the determinant introduced in [1], which induces a spacetime-volume
differential form in the NLSUSY model, i.e. for the d = 2, N = 2 (N > 2, as well)
SUSY case,
|w| = det(wab) = det(δ
a
b + t
a
b), t
a
b = −iκ
2ψ¯iγa∂bψ
i, (16)
expanded in terms of tab or ψ
i as
|w| = 1 + taa +
1
2!
(taat
b
b − t
a
bt
b
a)
= 1− iκ2ψ¯i6∂ψi −
1
2
κ4(ψ¯i6∂ψiψ¯j 6∂ψj − ψ¯iγa∂bψ
iψ¯jγb∂aψ
j)
= 1− iκ2ψ¯i6∂ψi −
1
2
κ4ǫab(ψ¯iψj∂aψ¯
iγ5∂bψ
j + ψ¯iγ5ψ
j∂aψ¯
i∂bψ
j). (17)
6
Note that all SUSY invariant relations for ϕI in Eq.(15) are expressed as the form,
ϕI ∼ ξκn−1(ψi)n|w| (n = 0, 1, · · · , 4), (18)
where (ψi)2 means ψ¯iψj, ǫijψ¯iγ5ψ
j or ǫijψ¯iγaψj , (ψi)3 = ψiψ¯jψj and (ψi)4 =
ψ¯iψiψ¯jψj .
Let us now discuss on the relation between NLSUSY and LSUSY actions for the
N = 2 vector supermultiplet in the free theory. The NLSUSY action [1] for d = 2,
N = 2 SUSY is written in terms of ψi as
SN=2NLSUSY = −
1
2κ2
∫
d2x |w|, (19)
which is invariant (becomes a surface term) under the NLSUSY transformations (4)
due to δζ |w| = ∂a(ξ
a|w|). On the other hand, the (free) action for the N = 2 vector
supermultiplet with the FI D term is given by using the superfield (5) as follows:
SV0 =
∫
d2x
[∫
d2θiL0(x, θ
i) +
∫
d4θiLFI(x, θ
i)
]
θi=0
, (20)
where
L0(x, θ
i) =
1
32
(DjWklDjWkl +DjWkl5 D
jWkl5 ), (21)
LFI(x, θ
i) =
ξ
2κ
V (22)
with
Diα =
∂
∂θ¯αi
− i6∂θiα, (23)
W ij = D¯iDjV, W ij5 = D¯
iγ5D
jV. (24)
The action (20) in the WZ gauge gives the N = 2 LSUSY (free) action for the
minimal off-shell component fields (A, φ, va, λi, D) with A = M ii(= M11 + M22)
[17],
SV 0 = SV0 |WZ gauge
=
∫
d2x
{
−
1
4
(Fab)
2 +
i
2
λ¯i6∂λi +
1
2
(∂aA)
2 +
1
2
(∂aφ)
2 +
1
2
D2 −
ξ
κ
D
}
, (25)
where the field equation for the auxiliary field, D = ξ
κ
, indicates the spontaneous
SUSY breaking.
7
The relation between the actions (19) and (25) with ξ2 = 1, i.e.
SN=2NLSUSY = SV 0 + [suface terms], (26)
can be shown by substituting SUSY invariant relations for the minimal off-shell
vector supermultiplet, (A, φ, va, λi, D)(ψi), into the action (25) directly [14]. Here
let us show that the LSUSY action (20) exactly reduces to the NLSUSY action (19)
when ξ2 = 1 by using the superfield (9) in the SUSY invariant constraints (13),
V˜(x, θi) = −
ξ
8κ
θ¯iθiθ¯jθj , (27)
which lead to the SUSY invariant relations (15): Indeed, by changing the integration
variables in Eq.(20) from (x, θi) to (x′, θ′i), we obtain
SV0 =
∫
d2x′
[∫
d2θ′iL0(x
′, θ′i) +
∫
d4θ′iLFI(x
′, θ′i)
]
θ′i=0
=
∫
d2x
[∫
d2θiJ(x, θi)L˜0(x, θ
i) +
∫
d4θiJ(x, θi)L˜FI(x, θ
i)
]
θi=0
, (28)
where
L˜0(x, θ
i) =
1
32
(D′jW˜klD′jW˜kl +D′jW˜kl5 D
′jW˜kl5 ), (29)
L˜FI(x, θ
i) =
ξ
2κ
V˜ (30)
with
D′iα =
∂
∂θ¯′αi
− i6∂′θ′iα, (31)
W˜ ij = D¯′iD′jV˜, W˜ ij5 = D¯
′iγ5D
′jV˜. (32)
In Eq.(28) the J(x, θi) means the Jacobian given by
J(x, θi) = sdetM = |w| det(δab − iκ∇bψ¯
iγaθi), (33)
where sdet is the superdeterminant, the supermatix M and the “covariant” deriva-
tive ∇a [10] are defined by
M =
∂(x′, θ′i)
∂(x, θj)
=
(
δab − iκ∂bψ¯
iγaθi −κ∂bψ¯
i
iκγaψj δij
)
,
∇a = (w
−1)a
b∂b. (34)
8
Also, the transformation of derivatives is
(
∂′a
∂
∂θ¯′i
)
=M−1
(
∂a
∂
∂θ¯i
)
, M−1 =
(
va
b κva
b∂bψ¯
j
−iκγaψiva
b δij − iκ2γaψi∂bψ¯
jva
b
)
, (35)
where va
b is determined from
wa
c(δdc − iκ∇cψ¯
iγdθi) vd
b = δba, (36)
and is solved as
va
b = (w−1)a
b + iκ∇aψ¯
iγcθi(w−1)c
b +O((θi)2). (37)
Then the differential operators (31) are expressed by means of
(
∂a,
∂
∂θ¯i
)
as
D′iα =
∂
∂θ¯αi
− iγaθiαva
b
(
∂b + κ∂bψ¯
j ∂
∂θ¯αj
)
, (38)
By substituting Eqs.(27), (33) and (38) into Eq.(28), the relation between the actions
(19) and (20),
SN=2NLSUSY = SV0, (39)
is shown when ξ2 = 1.
We summarize our results as follows. In this letter we have systematically lin-
earized N = 2 NLSUSY in the d = 2 superfield formulation for the N = 2 vector
supermultiplet. Based on the d = 2, N = 2 superfield (5) the relation between
the component fields ϕ˜I(x) in Eq.(9) and ϕI(x) in Eq.(5) are given as in Eqs.(10)
and (12). By imposing the (simplest) SUSY invariant constraints (13), we have ob-
tained the SUSY invariant relations (15) uniquely, which coincide with those for the
minimal off-shell vector supermultiplet obtained heuristicly in Ref.[14]. The N = 2
NLSUSY action (19) is just reproduced when ξ2 = 1 by substituting the SUSY
invariant relations into the N = 2 LSUSY free action with the FI D term (20), i.e.
we have shown the relation (39) in the free theory from the superfield formulation.
The extensions of the superfield method for the linearization to higher N NLSUSY
and to d = 4 are important. The Yukawa interaction terms [14] and the coupling
of matter supermultiplets (SUSY QED) [15] in the linearization framework of this
letter are interesting problems under the investigation.
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